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New Classes of Permutation Binomials and 
Permutation Trinomials over Finite Fields 

Kangquan Li, Longjiang Qu, and Xi Chen 


Abstract 

Permutation polynomials over finite fields play important roles in finite fields theory. They also have wide 
applications in many areas of science and engineering such as coding theory, cryptography, combinational 
design, communication theory and so on. Permutation binomials and trinomials attract people’s interest due 
to their simple algebraic form and additional extraordinary properties. In this paper, several new classes of 
permutation binomials and permutation trinomials are constructed. Some of these permutation polynomials 
are generalizations of known ones. 


Index Terms 

Finite Field, Permutation Polynomial, Permutation Binomial, Permutation Trinomial. 


1. Introduction 


A polynomial / G is called a permutation polynomial of Fg if the associated polynomial function 
/ : c —>■ /(c) from Fg into Fg is a permutation of Fg. Permutation polynomials over finite fields play imporfanf 
roles in finile fields fheory. They also have wide applicafions in coding fheory, crypfography, combinafional 
design, communicafion fheory. The sfudy of permufafion polynomial can dale back lo Hermile lll2ll and 
Dickson J^l- There are numerous books and survey papers on fhe subjecf covering differenl periods in Ihe 


developmenl of Ihis active area 10 , Ch.18], HMD, 1221 Ch.7], 1231 Ch.8], UJ, while fhe survey by X. Hou 
rtlSn in 2015 is fhe mosl recenl one. 

Permufafion binomials and Irinomials allracl people’s inleresl due lo Iheir simple algebraic form and 
addilional exlraordinary properties. For insfances, a cerfain permufafion frinomial of F 22 m+i was a major 
ingredienl in fhe proof of fhe Welch conjeclure llOll . The discovery of ofher class of permufafion trinomials by 
Ball and Zieve llll provides a way to prove the construction of the Ree-Tits symplectic spreads of PG(3, q). 
For more relevant progresses, readers can consult a paper 11411 presented by X.Hou, which conducted a 


recent survey on permutation binomials and trinomials in 2013. 
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Although quite a few permutation binomials and permutation trinomials have been found, however, an 
explicit and unify characterization of them is still missing and seems to be elusive today. Therefore, it is both 
interesting and important to find more explicit classes of them and try to find the hidden reason for their 
permutation property. In this paper, we present several new classes of permutation binomials over finite fields 
wifh even extensions and permutation trinomials over finite fields with even characteristics. Therefore we 
will review the known permutation binomials over Fq 2 and permutation trinomials over F 2 ™ in Section [3^ 
and Section 14-A1 respectively for the convenience of the reader. For other classes of permutation binomials 
or permutation trinomials, please refer to il4ll . 

In Section |2j we introduce the definition of the multiplicative equivalence of permutation polynomials and 
some lemmas. In Section [3l we provide new classes of permutation binomials through the Hermite’s criterion 
1 1211 and considering the number of solutions of special equations. In Section |4l we give five new classes 
of permufafion frinomials. Seclion|5]is the conclusion. In the paper, Trfc(x) is treated as the absolute trace 
function on F 2 fc. The algebraic closure of ¥q is denoted by F^. For integer d > 0, = {x € ¥q : x'^ = 1}. 

Others symbols follow the standard notation of finite fields. 


2. Preparation 

Let / and g be two polynomials in Fq[a;] satisfying that f{x) = g{x'^), where l<d<q — lisan integer 
such that gcd(d, g — 1) = 1. Then the number of the terms of / is equal to that of g, and / is a permutation 
polynomial if and only if so is g. Particularly, / is a permutation binomial resp. permutation trinomial if 
and only if so is g. Hence we introduce the following definition of multiplicative equivalence. 

Definition 2.1. Two permutation polynomials f{x) and g{x) in Fq[x] are called multiplicative equivalent if 
there exists an integer I < d < q — 1 such that gcd(d, q — 1) = 1 and f{x) = g{x'^). 


It should be noted that in il5h and many references before, two permutation polynomial / and g of 
¥q called equivalent if f{x) = cg{ax + b) + d, where a,c ^ F*, b,d € Fg. In our opinion, this type of 
equivalence can be called linear equivalence. 


The 


from 1127 


bl 


owing lemmas will be useful in our future discussion. The first one is a corollary following directly 
, Lemma 2.1]. 


Lemma 2.2. Let f{x) = + a) G Fq[x], where d \ q — 1, a ^ ¥*q. If f{x) is a permutation 

polynomial over Fg and gcd(ro + d,{q— l)/d) = 1, then g{x) = + o) is also a permutation 

polynomial over Fg. 


Lemma 2.3. 12211 (Hermite’s Criterion) Let Fg be of characteristic p. Then f G Fg[x] is a permutation 

polynomial of Fg if and only if the following two conditions hold: 

(i) f has exactly one root in Fg/ 

(ii) for each integer t with 1 < t < q — 2 and t ^ 0 mod p, the reduction of f{xY mod x'^ — x has 
degree < q — 2. 
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Lemma 2.4. (Lucas formula) Let n,i be positive integers and p be a prime. Assume n = amP^+- ■ ■+aip+ao 
and i = bmP'^ + • • • + bip + bo. Then ^ ^ (modp). 

Lemma 2.5. Let q = 2^ and k > 0 be an integer. Then f{x) = x + is a permutation polynomial 

over Fg if and only if k ^ 0(mod3). 

Proof: This lemma can be easily proved. We omit it here. ■ 

Lemma 2.6. iQl Let a € Then the cubic equation x'^ + x = a has a unique solution in F 2 fc if and 
only ifTxk (a“^) 7 ^ Trfc(l). 


3. Permutation binomials 

Given f{x) = x”* + ax"' € Fg[x], where 0 < n < m < q and a € F*, there exist integers r,t,d > 0 with 
gcd(t ,(7 —1) = 1 and d \ q — 1 such that f{x^) = x'"+ a){modx^ — x) il5ll . Therefore, w.l.o.g, we 
only consider permutation binomials with the form + a). Inspired by Hou and Lappano il3ll . in 

this section, we consider permutation binomials over finite fields wifh even extensions, that is, over Fq 2 . 


A. Known permutation binomials over Fq 2 

First, we review the known permutation binomials over finite fields wifh even extensions. 


Theorem 3.1. Il27ll Let r^d > 0 be integers such that d \ q‘^ — 1 and a E F* 2 - Further assume that 
p + ^ £ b{q'i-i)/d for all p G p 2 d- Then + a) is a permutation polynomial o/Fq 2 if and only 

if -a ^ pd, gcd(2(i, 2r + {q^ - l)/d) < 2. 


Theorem 3.2. ll28h Let r and d be positive integers, and let /3 G Fq 2 be such that = 1. Then 
^r+d[q-i) _|_ ^ permutation polynomial o/Fg 2 if and only if all of the following hold: 

(i) gcd{r,q- 1) = 1. 

(ii) gcd(r - d,q + l) = 1. 

(Hi) (-/3)('i+i)/gcd(g+iA) ^ 


Theorem 3 . 3 . lll3h Let f = ax + x^'^ ^ G Fq2[x], where a G F*2. Then f is a permutation polynomial of 
Fq2 if one of the following occurs. 

(i) q = 2^^+^ and a^ is a primitive 3rd root of unity. 

(ii) q = 5 and of is a root of (x + l)(x + 2)(x — 2)(x^ — x + 1). 

(Hi) q = 2^ and of is a root o/ x^ + x + 1. 

(iv) q = 11 and a^ is a root of (x — 5)(x + 2)(x^ — 
fv) q = 17 and a® = 4,5. 

(vi) q = 23 and a® = — 1. 

(vH) q = 29 and a^^ = —3. 


X + 1). 
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Theorem 3.4. lll9h Let f = ax + x^'^ ^ € Fq 2 [x], where a G F* 2 - Then f is a permutation polynomial of 
¥q 2 if one of the following occurs. 

(i) q = and is a primitive 5th root of unity. 

(ii) q = 3“^ and of is a root of {x + l)(x^ + l)(x^ + x + 2)(x^ + 2x + 2){x^ + + x + l)(x^ + x^ + x^ + 

l)(x'^ + 2x^ + x^ + 2x + 1). 

(Hi) q = 19 and is a root of (x + l)(x + 2)(x + 3)(x + 4)(x + 5)(x + 9)(x + 10)(x + 13)(x + 17)(x^ + 
3x + 16) (x^ + 4x + l)(x^ + 18x + 6). 

(iv) q = 29 and of G {15,18, 22,23}. 

fv) (7 = 7^ and is a root of x^ + 4x + 1. 

(vi) q = 59 and is a root of (x^ + x + l)(x^ + x + 1). 

(vii) (7 = 2® and a}^ is a root of (x^ + x + l)(x^ + x + 1). 


B. New classes of permutation binomials 

Theorem 3.5. Let f{x) = x(x'^'’'^ + a) G Fg2[x]. Then f(x) is a permutation binomial over¥q 2 if and only 
if q ^ l(mod3) and + 1 = 0. 


Proof: First of all, we show that when q = l(mod3), /(x) is not a permutation polynomial over Fq 2 . 
Let 9<a, j3<q — 1 with (a, j3) (0,0). Then we have 


^ f{xT+’iP = Y, (ax + x^+2)“(a«x'' + x^+25)^ 


xGF„ 


xGF„ 


= E E 

xGF,2 0<i<oi,0<j</3 \ 

= Y 

0<i<a,0<j</3 


a 

. i , 


/3 


^a-i^a-ix(<?+2)i ( F ] ^(i+2g)j 


-"X^ 




“ I 1^1 Y^ 3.“+'?/3+(i+ij)0+1) 

xGF* 


V \J . 


The inner sum is 0 unless a + qP + [1 + q){i + j) = 0(modg^ — 1), which can happen only if a + Pq = 
0(mod(7 + 1), or equivalently, a = (5. Then we have 


Y1 


a+qjS _ _^(l+q}a 


E 


a;GF*2 


c + i + j = 0(1110(15 — 1), 
0 < i, j < Q 


; I 




Let a = 2^. Then 

^ = -1^0. 
a;GF^2 

Hence, in the case, /(x) is not a permutation polynomial over Fg 2 . 

In the following, we show that when q ^ l(mod3), /(x) is a permutation polynomial over Fq 2 if and 
only if — a‘^~^ + 1 = 0. 
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First, it is easy to prove that zero is the only root of f{x) = 0 in Fg if and only if ^ 1. 

Next we prove that j(x) = c has at most one solution in Fq 2 for any c G F *2 if and only if _ 

Q?-! + 1 = 0. It is clear that 0 is not a solution. Therefore we consider the following equation 


X 


9+1 


+ a — —. 

X 


( 1 ) 


Let u = ^ — a = x^^^. Then u G F* and x = Plugging it into ([T]), one have 

9+1 


a+u ■ 
C 


= u. 


a + 

After simplifying and rearranging the terms, we get 

+ {a^ + a)u'^ + = c^+\ 


( 2 ) 


Let 02 = + a, oi = oq = —Then f{x) = c has at most one solution in Fq 2 if and only if 

g{u) = + a 2 V? + aiu is a permutation polynomial over In the following, we will use the table of 

normalized permutation polynomials over Fg (Table 7.1 in 12211 1. Recall that a polynomial cf) is called in 
normalized form if (f) is monic, (^{0) = 0 , and when the degree n of (/> is not divisible by the characteristic 
of ¥q, the coefficient of x" ^ is 0 . The rest of the proof is split into two cases. 

Case 1: q = 2(mod3). 

Let u = V — Y- Plugging it into (l2ll, we get 

+ HiV + P2 = 0. 

where + «!> 1^-2 = ^^2 “ 5 U 1 U 2 + uo- Then /ii ,^2 G iFij- 

As f{x) = c has at most one solution in Fq 2 if and only if h{v) = + fiiv is a permutation polynomial 

over ¥q, which holds if and only if pi = 0 by |22, Table 7.1]. Recalling that _q9-i_|_i)^ 

we come to the conclusion that f{x) = c has at most one solution in Fq 2 if and only if + l = 0. 

Case 2: q = 0(mod3). 


In this case, g{u) = + a 2 V? + aiu is already a normalized polynomial. According to i22l. Table 

7.1], — ax (o is not a square) and x^ are the two normalized permutation polynomials over Fg with 

degree three. On one hand, if g permutes ¥q, then we have 02 = 0. Thus + 1 = 0, or equivalently, 
0 = + 1)^ = — a‘^~^ + 1. On the other hand, if + 1 = 0, then g{u) = — a^u. Clearly, 

a? is a non-square in ¥q since a G Fq 2 \ Fg. Hence g{u) permutes Fg. 

We finish fhe proof. ■ 

We briefly discuss fhe mulfiplicafive inequivalence of fhe new permufafion binomial in Theorem 13.51 wifh 
known ones. Due fo fhe special and specific conditions in Theorem 3.5 and fhose in fhe last subsection, 
the permutation binomial /(x) of Theorem 13.51 is not multiplicative equivalent to any known permutation 
binomial. According to Lemma lT2l if gcd(l + l{q — l),q + 1) = 1, where I is an integer, the polynomial 
a;i+ti9-i)(3;9+i _)_ a) is also a permutation binomial over ¥q 2 . 
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Theorem [33] considers permutation binomials of Fg 2 with the form +a). Next, we consider another 

permutation binomial with the form + a), where r G [!,(? + Ij- 

Theorem 3.6. Let f{x) = x^{x'^~^ + a) G Fg 2 [x], r G [1,9 + Ij- Then f{x) is a permutation binomial over 
¥q 2 if and only if r = 1 and 7 ^ 1 . 

Proof: First, it is clear that f{x) = + a) has only one root in Fg2 if and only if 7^ 1. 

Next, let 0 < a, /? < 9 — 1 with (a, / 3 ) 7^ (0,0), (9 — 1,9 — 1). We have 




\a+bq _ 


a;GF„ 


a.r(a+/3g)(^q-l 

Y Paf{x^-'i Pa'if 


xGF 


xGF* 




x€F% 2=0 

^a+/3g Y 

O<i<a,O<j<0 


: 


j=0 y 


-i-qj Y^ ^^(«+/3<?)+(*-i)(g-i) 


a 2 _^ X 

xGF*. 


The inner sum is 0 unless r{a + fiq) + (i — j){q — 1) = 0(mod9^ — l),which can happen only if 
a + I3q = 0(mod9 — 1), or equivalently, a + /3 = 9 — 1. Let (3 = q — 1 — a. Then we have 


Y^ y(a;)"+(9-i-“)'? = ^ 

fcGF 2 


a\ /9 — 1 — a\ _j_ 


a;GF *2 


= _Q(«+i)(i-g) 


E 

—r(Q!+l)+ 2 —j=0( mod q+1) 


al /9 — 1 — al _ _ 


^-qj 


As i runs over the interval [0, a] and j over the interval [0 ,9 — 1 — a], —r{a + 1) -\- i — j G Sa,r, where 

Sa,r = [-r{a + 1) - (9 - 1 - a), -r{a + 1) + a]. 

If r = 1, then Sa^r = [“9) “l]^ the equation — (q: + 1 ) + z — y = 0 (mod 9 + 1) has no solution. 
Therefore, 'ff = g. Hence, f{x) is a permutation polynomial over Fq 2 . 

a:GFg 2 

If r G [2, 9 + 1], let a = 0. Then So^r = [—r — 9 + 1, — rj. In the case, the only multiple of 9 + 1 in So^r 
is —(9 + 1 ). Therefore, we have 


Y1 




a;GF„: 


9-1 

0 + 1 - r 


a 


-l-q+rq _ _ 


9-1 ^ 

0 + 1 -r , 


a 


{r-2)q 


It follows from Lucas formula that 


9-1 
0 + 1 - r 


^ 0 mod p if r G [2,9+I]. Therefore, Y1 f{x)^'^ / 0. 

a;€F„2 
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Hence, when r € [2, g + 1], f{x) is not a permutation polynomial over Fg 2 . 

The proof is finished. ■ 

In Theorem 13.61 let r = 1, then we get f{x) = x^{x’^~^ + a) = x'^ + ax, which is a linearized polynomial. 
Hence Theorem 13.61 does not provide new permutation binomial. However, to the authors’ best knowledge, 
the characterization of the sufficient and necessary condition for the polynomial with this form to be a 
permutation is new. 


4. Permutation trinomials 
A. The known permutation trinomials 

First, we review the known permutation trinomials over F 2 ™. The results before 2014 were summarized 
in 10]. We copy their list into the following theorem for the readers’ conveniences. 


Theorem 4.1. 1) Some linearized permutation trinomials described in / l22l/ . 

2) X + x^ + X® over F 2 m, where m is odd (the Dickson polynomial of degree 5). 

3) X + x^ + x^ over ¥ 2 ^, where m ^ 0 (mod 3) (the Dickson polynomial of degree 7). 

4) X + x^ + over F 2 ™, where m is odd ii^/ . 

5) + (ax)^*'+^ + ax^ over F2™, where m = 3k and 7^ 1 /^/. 

6) 3 ; 3 - 2 ('"+i>a +4 _|_ ^ 2 (™+i>a +2 ^ 2 (’”+iu 2 where m is odd f/Q/ or Jif Theorem 4]). 

7) + x^*'+^ + vx over F 2 m, where m = 3k and v € F^^ fQ/. 

8) nidi Let = 1 (mod 3) be a prime power. Let a be a generator o/F*, s = (q — l)/3, and let oj = a®. 
Define /(x) = ax^ + 6 x + c G Fq[x]. Then 

h{x) := x^/(x®) 

is a permutation polynomial over Fg if and only if the following conditions are satisfied: 

a) gcd(r, s) = 1 , 

b) /(cj®) 0 for 0 < i < 2, 

c) loga(/(l)//(w)) = log„(/(cj)//(a;2)) ^ r (mod 3). 


The following results are new classes of permutation trinomials constructed in lOfl. 

Theorem 4.2. |@] Let m > 1 be an odd integer. Then both x + ^ + x^"" _j_ j.3 _j_ 

^2"*_2(’"+3)/2+2 permutation polynomials over F 2 ">. 


Theorem 4.3. 

polynomial over F 2 m. 


19D Let m be a positive even integer. Then x + ^ + x^™ 2 "‘A+i ^ permutation 


Theorem 4.4. lOD Let k be a positive integer and q be a prime power with q ^ 0(mod3). Let m be a 
positive even integer. Then, x + is a permutation polynomial over Fgm if and 

only if one of the following three conditions holds: 
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(i) m = 0(mod4); 

(ii) q = l(mod4); 

(Hi) m = 2(mod4),g = 2(mod3), and + 1), where exp 3 (z) denotes the exponent of 3 in the 

canonical factorization of i. 


Recently, some particular types of permutation trinomials have been determined by Hou. We list these 
following permutation trinomials in even characteristic. 


Theorem 4.5. lllSh Let f = ax + bx'^ + ^ € Fq 2 [x], where q is even. Then f is a permutation polynomial 

over Fq2 if and only if one of the following is satisfied. 

(i) a = b = 0,q = 22 ^. 

(ii) ab 0,a = b^~^,Trq/ 2 ib~^~^) = 0. 

(Hi) ab{a - b^~'^) / 0 , ^ € Fg,Trq/2(^) = 0 , + a = 0 . 

Theorem 4.6. |16] Let q > 2 be even and / = x + tx'^ + G Fg[x], where t G F*. Then f is a 

permutation polynomial of¥q 2 if and only if Trq/ 2 {j) = 0 - 


B. New Classes of Permutation Trinomials 

In this subsection, we introduce five new classes of permutation trinomials over F 2 ™. Motivated by |3], 
we first consider permutation trinomials with trivial coefficients, that is, whose nonzero coefficients are all 

1 . 


Theorem 4.7. Let q = 2^^ and k be a positive integer. Then f{x) = x+x^*" +x^^^ ^ 2 '= Hi ^ permutation 
trinomial over Fg if and only if k ^ 0(mod3). 


Proof: First of all, we show that x = 0 is the only solution of /(x) = 0 in Fg when k ^ 0(mod3). 
If /(x) = 0, then either x = 0 or 1 + x‘^’‘~^ + x^^*’ ^ = 0. Therefore, we only need to prove that the 

equation 


1 I 2'=-! I 2^'“-1-2'“-i 

1 + X + X 


= 0 


(3) 


has no solution in Fg. 

Let y = x‘^'‘~^. Then computing (y * ([3]))^ and simplifying it by = 1, we get 

y + + / = 0. (4) 

It follows from Lemma |23] that (jUl has no nonzero solution in Fg when k ^ 0(mod3). Since x = 0 is not 
the solution of ([31), /(x) = 0 has only one solution in Fg when k ^ 0(mod3). 

Then we prove that /(x) = a has at most one solution in Fg for any a G F* if and only if fe ^ 0(mod3). 
Let d = — 2^~^ + 1. Let s be an integer satisfying 1 < s < 2^^ — 2 and 4s = 2^ + 3(mod2^^ — 1). 

Then it is easy to verify that ds = l(mod2^^ — 1). And we have the following equation from /(x) = a: 

W 

X + X + X = a. 


(5) 




Let u = x‘^ + a = x + x‘^’°. Then u € F 2 fc and x = {a + uY. Plugging it into ©.we have 


(a + uY + (a + = u. 


Raising the above equation to the 4-th power and simplifying it, we get 


^4 + ^ ^ ^ ^ ^2ni(„2 ^ ^2-=+^) ^ 

Let b = a^'° + a, c = Then b,c € F 2 fc, and the above equation reduces to 


(6) 


+ b'^u^ + b^u + b^c = 0. 


If 6 = 0, then there is only one solution u = 0 of the above equation. Hence, f{x) = a has at most one 
solution X = a® in F^ for any a G F*. 

If 6 7 ^ 0, let u = bv. Rewriting the above equation, we get 


Since x = (a + rt)® = (a + 6x)®, it suffices to prove that (I7]l has at most one solution in F 2 fc for any 
a € F* if and only if A: ^ 0(mod3). Then the result follows from Lemma IZ5l 

We finish fhe proof. ■ 

Theorem 4.8. Let q = 2^^ and k > 0 be an odd integer. Then /(x) = x + + x^^*’ is a 

permutation trinomial over Fg. 

Proof: Firsf of all, we show fhat x = 0 is fhe only solution of /(x) = 0 in Fg. If /(x) = 0, fhen eifher 
X = 0 or 1 + + x‘^^'° ^ = 0. Therefore, we only need fo prove fhe equation 


1 + ^ 2 '=+ 1 ^^ 2 --+ 2'=-^0 


( 8 ) 


has no solution in Fg. Raising ([ 8 ]l fo ifs 2-fh power, we have 

1 + ^2'=+H2+^2'=+1^0^ 

Lef y = x^*'"*'^. Then y G F 2 fc, and we gel 

1 + y+ = 0 . 


(9) 


If is clear lhal y = 1 is nof fhe solution of (|9ll. Then mulliplying (1 + y) to bofh sides, we have y^ = 1. 
We know gcd(2^ — 1,3) = 1 since k is odd. Therefore fhe above equation has no solution in F 2 fc. Hence, 
X = 0 is fhe only solution of /(x) = 0 in Fg. 

Nexl, we prove lhal /(x) = a has al mosl one solulion in Fg for any a G F*. Considering fhe following 
equation: 



X 


(10) 
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Let u = f ■ Then u = 1 + x 


^ € F^fc. Plugging X = ^ into the square of (fTOl) . we have 


1 H-^-1-^ 


= u\ 






( 11 ) 


Let y = ^^ 22 —- Then y G F 2 fc. Plugging it into (fTTI) . we have y^ + y'^ + y = 

Since g{y) = + y = (y + 1)^ + 1 is a permutation polynomial over F 2 fc when k > 0 is odd, we 

know that f{x) = a has at most one solution in Fg for any a G F*. Hence the proof is complete. ■ 

Next we introduce three new classes of permutation trinomials with the form f{x) = x + ax°‘ + bx^ G 
F 2 m [x], where a, 6 G F^™. 

Theorem 4.9. Let q = 2^^ and k > 0 be an integer, /(x) = x + + a?‘'° ^, where a G F^ 

and the order of a is 2^ + 1. Then /(x) is a permutation trinomial over F^. 

Proof: First of all, we show that x = 0 is the only solution to /(x) = 0. If /(x) = 0, then either x = 0 
or 1 + ax 


2 fc+i _2 


ofc —1 o2fc_ofc , _ , . . . 

+ a X =0. Therefore, we only need to prove the equation 

1 I 2'“+i-2 I 2'“-! 2^'=-2'“ n 

1 + ax + a X =0. 


( 12 ) 


has no solution in Fg. Adding (fl^ to we have 


x3-2'=-3 = a3-2'=-\ 


ofc 1 ofc —1 ofc 1 ofc —1 . O -I/O 

Therefore, x = a or x = o w, where tu + w + 1 = 0. 

If x^^“3 = of" ^^ then hy plugging it into (fT^ . one get 1 + a^^''-i ^+ 2 '= ^ _ q Recalling the order 

of a is 2^ + 1, we have 1 = 0. It is a contradiction. 

If x^^ 3 = then hy plugging it into (fT 2 l) . one have + 1 = 0 . Hence = to, which 

means that k is even. However, in this case, (a^^ l_ it then follows that the 

equation ^g, has no solution in Fg. Contradicts! 

Hence, x = 0 is the only solution to /(x) = 0 in Fg. 

Next we prove that /(x) = c has at most one solution in Fg for any c G F*. Considering the equation 

2 '“+^-! , 2^-^ 2 - 2 '“ 

X + ax + a X = c. 


Raising the above equation to the 2-th power, we have 


2 I 2 2'“+^-2 , 2'“ 4-2'“+^ 2 

x+ax +ax =c. 


Computing (fT^ + (fTdl) ^'’ * a, and simplifying it hy using a^”"'-! = vve have 


2 I 2 '“+! 2 , 2 '“+^ 

X + ax = c + ac 


( 13 ) 
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Let u = x"^ + c^. Then u = av? . Plugging = u + into ([T3]) . we get 


I 'll I 2 \ 2 ''+^ —1 I 2 '“/' I 2 \ 

u + a [u + c j + a [u + c j 


2 \ 2 - 2 '' 


= 0 . 


(14) 


Multiplying {u + c^) 2 '“+i across both sides of the above equation and then substituting u^'° = u/a and 
q 2 ''+i _ ggj- j-j^g following equation after simplification. 

+ au + = 0, 


(15) 


where a = + c'^ + , (3 = + c®. 

Now let 7 = + c^. Then (3 = 70;. We distinguish two cases. 

Case 7 = 0 . 

Then a = and /? = 0. Therefore, the solutions of (fTSl) are tt = 0 or tt = c^. So x = 0 and x = c may 
be the solutions of the equation f{x) = c. However, /(O) 7 ^ c. Hence, in this case, f{x) = c has one unique 
nonzero solution x = c for each nonzero c € ¥q. 

Case 7 / 0 . 

If a = 0 , then tt = 0 is the only solution of (fTSl) . 

If q; 7 ^ 0, then let u = Further, o?'‘ = ^, = 

(fTSl) by as results in 


(q1/2)2 


= ^ 7 ^ = e. Therefore e G F 2 fc. Dividing 




a 


1/2 


It is routine to verify that G F 2 ib. Hence h(e) = + e + G F 2 fc[e]. According to Lemma |2? 

h{s) = 0 has only one solution in F 2 fc if and only if Tr^ = Trfc(l) + 1 . 

Next, we show that Tr^ = Trfc(l) + 1. We know 

'ac2''+H2 + g4 + ^2g2'=+=\ 


T 


Trj, 1-^1 = Trt 


c4 + a 2 g 2 '=+^ 


= Trfe 


ac 


, 2 ''+i +2 


C4 + a 2 g 2 '=+^ 


= Trfc(l)+Trfc 


ac 


7 

2''+!+2 


c4 + a 2 g 2 '=+^ 


and 


Tri, 


ac 


2 *=+^+2 


C4 + 02 ^ 2 -=+^ 


= Trt 


ac 


2''+^-2 


Let V = 


1 


l+ac 2 '=+i -2 


. Then = 


1 + a2c2'=+=-4 
1 


= Tri. 


+ 


l + ac 2''+^-2 (1 + ac 2 '=+^- 2)2 


Trt 


l+a2''c2-22'‘+ 

' ac 2^+^+2 


C4 + a 2 g 2 '=+^ 


- = X + 1. Therefore we have 

= Trfc (x + x^) = X + x^^ = 1. 
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Hence, Tr^ = Trfc(l) + 1. 

Then, Trfc(^^) = ^ ¥" Trfc(l)- Hence, /i(e) = 0 has only one solution in F 2 fc according to 

Lemma IZ 6 l Therefore f{x) = c has at most one solution in ¥q for any c G F*. 

The proof is complete. ■ 

Theorem 4.10. Let q = 2^^+^ and k > 0 be an integer. Then f{x) = x + ax‘^*’*^~^ _|_ q,2 ^'“+^-2 ''+i-2 ^2 ''+i+i^ 
where a G Fg, is a permutation trinomial over Fg. 

Proof: The case a = 0 is trivial. Therefore, we assume a / 0 in the following. 

First of all, we show that x = 0 is the only solution of f{x) = 0 in Fg. If f{x) = 0, then either x = 0 
or 1 + = 0. Therefore, we only need to prove the equation 


1 + ax 


2k+i_2 


+ a 


_ 2 fc+i_i^ 2 '“+ 


= 0 


(16) 


has no solution in Fg. Raising (O to the 2^-th power, we have 




Multiplying ^^x^ across both sides of (fTTl) . we have 


(17) 


(18) 


It is clear that gcd(2^+^ + 1, 2^^+^ — 1) = 1. Hence X = 0 is the only solution of (fTSl) in Fg. However, it 
is not the solution of (fT^ . Hence, (fT^ has no solution in Fg. 

Then we prove that /(x) = c has at most one solution in Fg for any c G F*. Considering the following 
equation: 

rwt-U -1 1 -1 rwt-U -1 i 1 

(19) 


a; + + c = 0. 


Computing * (fTOll + x^*° * we have 

2'=+! 2'“+^-! , 2*“+^ , 2'' 2'' , 2*“ n /OA\ 

a x +x +CX +ac = 0. (20) 

Then hy computing (c + x)x^*'^^“^ * (l 20 |) ^'‘^^ + * (fTOli and after simplification, we get 


{a 


2 ''+i +2 


ofc + J- V \ ' 

+ oc + c jx = ac 


2fc+i_,_i 


( 21 ) 


Since a, c G F*, we know that (l2TI) has at most one solution in Fg. Then /(x) = c has at most one solution 
in Fg for any c G F*. We are done. ■ 

Let a = I in the above theorem. Then /(x) = x + x^*”^^”^ and + 

, which is the permutation trinomial in Theorem I4.lf 6l. Hence Theorem I4.10I is a generalization 


X 


3.2'=+i+4 


of a known permutation trinomial. 

A comment about Theorem I4.10I is as follows. Just after our submission, we noticed that this class of 
permutation trinomial was also introduced in a very recent paper. In 112ill . Ma et al. presented several classes 
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of new permutation polynomials, including two classes of permutation trinomials, that is, 112 iL Theorem 5.1 
and Theorem 5.2]. It can he readily verified that Theorem 14.101 is equivalent to 12 ll Theorem 5.1], though 
our proof is different and a hit short. 

The last class of permutation trinomial is a generalization of the second permutation trinomial in Theorem 
14.21 Theorem 2.2]). 

Theorem 4.11, Let q = = x + ax^ + q^ 22 '=+^- 2 '=+i^ 22 '=+i- 2 '=+ 2 + 2 ^ ^ ^ Then f{x) is a 

permutation trinomial over Fg. 


Proof: The case a = 0 is trivial. If a = 1, then it reduces to 0, Theorem 2.2]. Therefore, we assume 
a / 0,1 in the following. 

Let y = and b = . Then and = a^. For all x G F* we have 


/(x) = X + ax^ + 


x^ x{abx‘^y‘^ + by'^ + ax'^) 


( 22 ) 


b y"^ by"^ 

First, we show that x = 0 is the only solution of /(x) = 0 in Fg. From (1221) . we only need to prove the 
equation 

abx^y^ + by^ + ax^ = 0 (23) 

has no solution in F* Raising (|2^ into its 2^+^-th power, we have 


6a^x^y^ + a^x'^ + by'^ = 0. 


(24) 


Computing (1231) ^ + (IMl) . we have 

(l + ax2)2"^'+2 = 0. 

Then ^ and y^ = ^. Plugging them into (|2^ . we get 1 = 0. It is a contradiction. 

If /(x) is not a permutation polynomial of F*, then there exists x G F* and c G F* such that /(x) = 
/((I + c)x). Let d = It is clear that c, d 7 ^ 0,1 and c d. Then 

x{by‘^ + abx‘^y‘^ + ax^) (1 + c)x( 6 (l + + ab{l + c)^(l + d)^x^y^ + a(l + c)^x^) 

by‘^ 6(1 + 

After simplifying, we get 

Aix^y^ + A2y‘^ + Asx^ = 0, (25) 


Ai = a6c(l + d)^(c^ + c + 1), 
A 2 = 6c(l + d)^, 

^3 = a[(l + d)^ + (1 + c)^]. 


where 
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Raising (1251) to power, we have 

+Ar\^= o. ( 26 ) 

Computing x'^+Al^*^)+^^*{Aix^ + ^ 2 ), we get 

Bix'^ + B2x‘^ + i?3 = 0. (27) 

where 

Bi = A'iAf*^+AiAf^^=a^b(f{l + c)'^[{l + c)^ + {l + d)^], 

B2 = = a^hcd{l + c)‘^{l + (ff ^ 

Bs = Ar^\ 

It is routine to verify that ^ 1 , ^ 2 ; ^ 1,^2 7 ^ 0. Let = ^e. Plugging it into (1271) . we have 

+ e + D = 0, (28) 


where D = As for D, we know 


„ B,B, Ar+HA,Ar'+A,Ar') A,ArA\Ar'Ar'*^ 

U — „ — ^rTTV-r; I . r,fc +2 , o — L>i + Ui , 


r 2 

^2 


^ 2 '=+ 2+2 


a2''+i+2 

^2 


42'=+2+2 

^2 


where 


Di = 


AiAf*'+^ _ A1B3 _ (c2 + c+l)[(l + c )4 + (l + d) 3 ][(l + d)2 + (l + c) 3 ] 


42'“+i+2 

^2 


A27?2 cd(l + (i)2(l + c)'^ 

Now we claim that Tr2fc+i(i7i) = 1. It is the same claim appeared in the proof of 191, Theorem 2.2T The 


proof of this claim is a hit long and intricate. We omit it here. The interested reader please refer H for 
details. 

Raising (|2^ to 2*-th power, where z = 0,1, • • • ,k, and summing them, we get 

k . 2k+l 

= e + {Di + Di ) = e + 79J = e + 79i + Tr2fc+i(79i) = e + 79i + 1. 


^ 2 .+i ^ 


i=0 


and 


i=0 


^2''+!+! _ _|_ _|_ X) = Die + 79. 


Substituting = ^e, y'^ = (^) 2 '“+^g 2 '“+i ^hove two equations into (1251) . we obtain 


At 7^2 


2 ''+!+! 


B 


2 '=+!+! 

1 


A 2 bV\ ^ , A 3 B 2 

{Die + 79) H- 2 fc+i (e + Di + 1) H —e — 0. 


^ 2 '=+! 


Bi 


Multiplying 77^*'^^“''^ across the two sides of the above equation and using = A 2 B 2 , we 
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have 


C\£ + C 2 — 0, 


where 

Cl = A1A2B2D1 + AlBi + A^Bf*" = ^'+ 2 , 

C2 = A1A2B2D + A^Bi{Di + 1 ) = A2B1. 

Therefore, e = ^ = ^ Plugging it into ([ 281 ), we have 

B1A2 + A1A2B2 = AiB^. 

That is A^^*^A2 = A\A^^^. Substituting the definitions of Ai,A2,As into the above equation, we get 

a^bd{l + + d + l)b^(?{l + d)'^ = a^h^(?{l + d)‘^{(? + c + 1)^6[(1 + c)^ + (1 + c^)^]- 

Simplifying it, we have (1 + d)^ = (1 + c)^- Since gcd( 3 , 2 ^^+^ — 1) = 1, one get d = c^. After raising it 
to the 2 ^'''^-th power, we obtain (? = d^ = d, which means d = 0, 1 . It is a contradiction since d 7^ 0, 1 . 
Hence, the proof is complete. ■ 


C. Multiplicative inequivalence of the new permutation trinomials with known ones 


In this subsection, we briefly discuss the multiplicative inequivalence of the new permutation trinomials 
with known ones. 

First, the last three classes of permutation trinomials are not with trivial coefficients. As far as the authors 
know, there exist only five such classes of permutation trinomials in F 2 m. They are the functions in Theorem 
14.11 (5). (7), (8), Theorems 14.51 and 14.61 Any of our newly constructed permutation trinomial is multiplicative 
inequivalent to those in Theorem 14.11 (5). (7) since the latter permutations are defined over F23)c. The three 
conditions in Theorem 14.11 (8) are further investigated in 12011 . In general, no simple conditions can make 
h{x) into a permutation trinomial. Hence it is multiplicative inequivalent to any of our newly constructed 
permutation trinomial. The permutations in Theorems 14.10114.111 are multiplicative inequivalent to those in 
Theorems 14.5114.61 since they are defined over odd dimension, while the latter permutations are defined over 
even dimension. It can be easily verified that the function in Theorem 14.91 is multiplicative inequivalent to 
those in Theorems 14.5114.61 Hence the permutation trinomials in Theorems 14.9114.101 and 14.111 are indeed 
multiplicative inequivalent to known permutations. Further, they are pairwise multiplicative inequivalent. 

In i2lll . two classes of permutation trinomials were introduced. The first one is equivalent to Theorem 
14.101 The second one is as follows. 


Theorem 4.12. /12i 


ofe _ 1 ofc on 

X + UX +U X 


Theorem 5.2] Let m > I be an odd integer such that m = 2k — 1. Then f{x) = 
- 2 '=+^+ 2 ^ E F 2 m, is a permutation polynomial over F 2 m. 
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We only need to check the multiplicative equivalence between the permutation trinomials in Theorems 
14.1 II and 14.121 It can he easily verified that they are indeed multiplicative inequivalent. 

Now let us discuss the first two classes of permutation trinomials with trivial coefficients. We need to 
show they are multiplicative inequivalent to all the known classes. To this end, we used a Magma program 
to confirm fhis conclusion for at least one small field F 2 m, where 4 < m < 10. Consequenfly, fhese fwo 
classes of permutafion frinomials are also new. Furfher, fhese fwo classes are also mulfiplicafive inequivalenf 
fo each ofher. 


5. Conclusions 

Permufafion binomials and permufafion frinomials over finife fields are bofh interesting and important in 
theory and in many applications. In this paper, we present several new classes of permutation binomials 
and permutation trinomials. These functions extend the list of known such permutations. However, from 
computer experiments, we found that there should be more classes of permutation binomials and permutation 
trinomials. A complete determination of all permutation binomials or all permutation trinomials over finite 
fields seems to be out of reach for the time bing. The constructed functions here lay a solid foundation for 
the further research. 

At last, we would like to mention that the constructed functions have many applications. For instances, 
they can be employed in linear codes |0] and cyclic codes 1^, they can also be used to construct highly 
nonlinear functions such as bent and semi-bent functions. For more details, please refer to the last paragraph 
in |0] and the references therein. 
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